Abstract. This article deals with directional rotational deviations for nonwandering periodic point free homeomorphisms of the 2-torus which are homotopic to the identity. We prove that under mild assumptions, such a homeomorphism exhibits uniformly bounded rotational deviations in some direction if and only if it leaves invariant a pseudo-foliation, a notion which is a slight generalization of classical one-dimensional foliations.
Introduction
We denote by Homeo 0 pT d q the space of homeomorphisms of the d-dimensional torus T d which are homotopic to the identity. The main dynamical invariant for systems given by such a map is the so called rotation set. Given a liftf : R d ý of a homeomorphism f P Homeo 0 pT d q, one defines its rotation set by ρpf q :"
This invariant was originally defined by Poincaré for the one-dimensional case (i.e. d " 1) in his celebrated work [Poi80] . In such a case, the rotation set reduces to a point, the so called rotation number, and a simple but fundamental property holds (see for instance [Her79,  page 21]):
(1) f n pzq´z´nρpf q ď 1, @n P Z, @z P R.
That is, everyf -orbit exhibits uniformly bounded rotational deviations with respect to the rigid rotation (or translation) z Þ Ñ z`ρpf q. In higher dimensions the situation dramatically changes: in fact, for d ě 2 different orbits can exhibit different rotation vectors and, moreover, there can exist points with non-well-defined rotation vector. However, the rotation set ρpf q is always non-empty, compact and connected; and for d " 2, Misiurewicz and Ziemian [MZ89] showed it is also convex. So, in the two-dimensional case the elements of Homeo 0 pT 2 q can be classified according to the following trichotomy:
(i) ρpf q is just a point, and in this case we say f is a pseudo-rotation; (ii) ρpf q is a non-degenerate line segment; (iii) ρpf q has non-empty interior.
In this paper we shall concentrate on the study of rotational deviations in dimension two. In this case, as a generalization of (1), one says that f exhibits uniformly bounded rotational deviations when When the rotation set ρpf q has non-empty interior Le Calvez and Tal [LCT15] has recently shown that f exhibits uniformly bounded rotational deviations. This result had been previously gotten by Addas-Zanata [AZ15] for smooth diffeomorphisms, and Dávalos [Dáv13] in some particular cases.
When the rotation set ρpf q has empty interior, i.e. it satisfies either condition (i) or (ii) of above trichotomy, one can consider directional rotational deviations: if v P S 1 denotes a unit vector such that ρpf q is contained in a straight line perpendicular to v, f is said to exhibit uniformly bounded v-deviations when there exists a constant M ą 0 such that @f n pzq´z´nρ, v D ď M, @z P R 2 , @n P Z, for some (and hence, any) ρ P ρpf q.
When f is a pseudo-rotation, i.e. ρpf q is just a point, one can study rotational deviations in any direction. Koropecki and Tal has shown in [KT14b] that "generic" area-preserving rational pseudo-rotations, i.e. satisfying ρpf q Ă Q 2 , exhibit uniformly bounded deviations in every direction (see also [LCT15] ), but there are some "exotic" rational pseudo-rotations with unbounded deviations in every direction [KT14a] . Contrasting with these results, in [KK09] the first author and Koropecki proved that generic diffeomorphisms in the closure of the conjugacy class of rotations on T 2 are irrational pseudo-rotations exhibiting unbounded deviations in every direction.
Regarding the remaining case (ii) of above trichotomy, Dávalos [Dáv13] have proved that any f P Homeo 0 pT 2 q whose rotation set is a non-trivial vertical segment and contains rational points, exhibits uniformly bounded horizontal deviations. This result had been proven by Guelman, Koropecki and Tal [GKT14] in the areapreserving setting.
As the reader could have already noticed, in all above boundedness results the homeomorphisms have periodic points, and in fact, these orbits play a fundamental role in their proofs.
The fundamental purpose of this paper consists in pursuing the study of directional rotational deviations for periodic point free homeomorphisms and its topological and geometric consequences.
It is well-known that any 2-torus homeomorphism in the identity isotopy class that leaves invariant a (non-singular one-dimensional) foliation exhibits uniformly bounded v-deviations, for some v P S 1 whose direction is completely determined by the asymptotic behavior of the foliation; and in particular, its rotation set has empty interior.
However, as it is shown in [BCJ17] , there are smooth minimal area-preserving pseudo-rotations exhibiting uniformly bounded horizontal deviations, but not preserving any foliation.
One of the main results of this paper, that emerges from the combination of Theorems 5.4 and 5.5, establishes that, under some mild and natural conditions, an element of Homeo 0 pT 2 q exhibits uniformly bounded v-deviations for some v P S 1 if and only if it leaves invariant a pseudo-foliation. Torus pseudo-foliations, which are a slight generalization of classical one-dimensional foliations, are defined in §5. Pseudo-foliations have been used in [Koc16] to show that any minimal homeomorphism which is not a pseudo-rotation is topologically mixing, and in [KPS16] to prove a particular case of the so called Franks-Misiurewicz conjecture (even though the authors did not explicitly use this name).
The main character of this work is a new class of dynamical systems on T 2ˆR2 , calledρ-centralized skew-products, that are associated to each homeomorphism of T 2 which is isotopic to the identity. In § 3.1 we define the stable sets at infinity associated to these skew-products and in § 4 we stablish some important results about the topology of these sets regarding the directional rotational devitions of the original system. Stable sets at infinity are used to contruct the invariant pseudofoliation of Theorem 5.5. The paper is organized as follows: in § 2 we fix the notation that will be used all along the article and recall some previous results. In § 3 we introduce the so called ρ-centralized skew-products and their associated stable sets at infinity. We prove some elementary properties of these sets and use them to get some fundamental results about rotational deviations, like Theorem 3.1 and Corollary 3.2, showing that uniformly v-and p´vq-deviations are equivalent. Then, in § 4 we establish some relations between the topology of stable sets at infinity and à priori boundedness of rotational deviations for non-wandering periodic point free homeomorphisms. Then, finally in § 5 we introduce the new concepts of torus pseudo-foliations we show that under some natural and mild hypotheses, a non-wandering periodic point free homeomorphism exhibits uniformly bounded rotational deviations in some direction if and only if it leaves invariant a torus pseudo-foliation. (Brazil). F. P.-R. was supported by CAPES (Brazil).
We are very indebted to Andrés Koropecki, Fábio Tal, Rafael Potrie, and Salvador Addas-Zanata for many insightful discussions about this work.
Preliminaries and notations
2.1. Maps, topological spaces and groups. Given a map f : X ý, its set of fixed points will be denoted by Fixpf q. We shall write Perpf q :" Ť ně1 Fixpf n q for the set of periodic points. The map f is said to be periodic point free whenever Perpf q " H. If A Ă X denotes an arbitrary subset, we define its positively maximal f -invariant subset by
When f is bijective, we can also define its maximal f -invariant subset by
When X is a topological space, a homeomorphism f : X ý is said to be nonwandering when for every non-empty open set U Ă X, there exists n ě 1 such that f n pU q X U ‰ H. On the other hand, f is said to be minimal when every f -orbit is dense in X.
Given any A Ă X, we write intpAq to denote its interior,Ā for its closure and B X A for its boundary inside X. When A is connected, we write ccpX, Aq for the connected component of X containing A. As usual, we write π 0 pXq to denote the set of all connected components of X.
If pX, dq is a metric space, the open ball of radius r ą 0 and center at x P X will be denoted by B r pxq. Given an arbitrary non-empty set A Ă X, we define its diameter by diampAq :" sup x,yPA dpx, yq, and given any point x P X, we write dpx, Aq :" inf yPA dpx, yq.
We also consider the space of compact subsets
KpXq :" tK Ă X : K is non-empty and compactu. 
We also introduce the following notation for straight lines: given any r P R and v P S 1 ,
We say that v P S 1 has rational slope when there exists some t P Rzt0u such that tv P Z 2 ; otherwise, v is said to have irrational slope. We will need the following notation for strips on R 2 : given v P S 1 and s ą 0 we define the strip An arc on S is a continuous map α : r0, 1s Ñ S and a loop on S is a continuous map γ :
An open non-empty subset U Ă S is said to be inessential when every loop in U is contractible in S; otherwise it is said to be essential. An arbitrary subset V Ă S is said to be inessential when there exists an inessential open set U Ă S such that V Ă U . On the other hand, we say that V is fully essential when SzV is inessential.
We say a subset A Ă S is annular when it is an open topological annulus and none connected component of SzA is inessential.
Finally, let us recall two classical results about fixed point free orientation preserving homeomorphisms:
Theorem 2.1 (Brouwer's translation theorem [Fat87] 
Notice that in this definition, we are identifying the elements of
Making some abuse of notation, we also write π : Č Homeo 0 pT d q Ñ Homeo 0 pT d q for the map that associates to eachf the only torus homeomorphism πf such thatf is a lift of πf . Notice that with our notations, it holds πT α " T πpαq P Homeo 0 pT d q,
Observe this function can be naturally considered as a cocycle over f :" πf , so we will use the usual notation
where S n f denotes the Birkhoff sum, i.e. given any n P Z and φ : 
is well-defined.
2.6. Invariant measures. Given any topological space M , we shall write MpM q for the space of Borel probability measures on M . We say µ P MpM q is a topological measure when µpU q ą 0 for every non-empty open subset U Ă M . Given any f P HomeopM q, the space of f -invariant probability measures will be denoted by Mpf q :" tν P MpM q : f ‹ ν " ν˝f´1 " νu.
2.7. Rotation set and rotation vectors. Let f P Homeo 0 pT d q denote an arbitrary homeomorphism andf P Č Homeo 0 pT d q be a lift of f . We define the rotation set off by
It can be easily shown that ρpf q is non-empty, compact and connected. We say that f is a pseudo-rotation when ρpf q is just a point. Notice that wheneverf 1 ,f 2 P Č Homeo 0 pT d q are such that πf 1 " πf 2 , then πpρpf 1" πpρpf 2 qq. Thus, given any f P Homeo 0 pT d q, we can just define
In particular, the fact of being a pseudo-rotation depends just on f and not on the chosen lift.
By (8), the rotation set is formed by accumulation points of Birkhoff averages of the displacement function, so given any µ P Mpπf q we can define the rotation vector of µ by
and it clearly holds ρ µ pf q P ρpf q, whenever µ is ergodic.
When d " 1, by classical Poincaré theory of circle homeomorphisms we know that ρpf q reduces to a point. This does not hold in higher dimensions, but when d " 2, after Misiurewicz and Ziemian [MZ89] we know that ρpf q is not just connected but also convex. In fact, in the two-dimensional case it holds
2.8. Rational rotation vectors and periodic points. Letf P Č Homeo 0 pT 2 q be a lift of f :" πf P Homeo 0 pT 2 q. For any z P Perpf q, there is pp 1 , p 2 ,P Z
2ˆN
such thatf q pzq " T pp1,p2q pzq, for everyz P π´1pzq. Thus, the point pp 1 {q, p 2 {qq P ρpf qXQ 2 , and in this case one says the periodic point z realizes the rational rotation vector pp 1 {q, p 2 {qq.
The following result due to Handel asserts that the rotation set of a periodic point free homeomorphism has empty interior:
where the convergence is uniform in z P R 2 . In other words, it holds
, where the straight line ℓ v α is given by (5). In general, not every rational point in ρpf q is realized by a periodic orbit of f . However, in the non-wandering case the following holds: Theorem 2.4. If f P Homeo 0 pT 2 q is non-wandering and periodic point free, then
Proof. Letf P Č Homeo 0 pT 2 q be a lift of f . By Theorem 2.3, ρpf q has empty interior. So, ρpf q is either a point or line segment.
By a result Misiurwicz and Ziemian [MZ89] we know that every rational extreme point of the rotation set is realized by a periodic orbit. So, if f is a periodic point free pseudo-rotation, then condition (16) necessarily holds.
Hence, the only remaining case to consider is when ρpf q is a non-degenerate line segment. In such a case, since f is non-wandering, every rational point of ρpf q would be also realized by a periodic orbit (see [JZ98, KK08, D13] for details), and thus (16) holds, too.
2.9. Directional rotational deviations. Let f P Homeo 0 pT 2 q andf : R 2 ý be a lift of f . If the rotation set ρpf q has empty interior, then there exists α P R and v P S 1 such that
In such a case we say that a point
Moreover, we say that f exhibits uniformly bounded v-deviations when there exists M " M pf q ą 0 such that
Remark 2.5. Notice that the lines ℓ v α " αv`Rv K and ℓ´v α " p´αqp´vq`Rp´vq K coincide as subsets of R 2 . However à priori there is no obvious relation between v-deviation and p´vq-deviation.
Remark 2.6. Once again, notice that this concept of rotational deviation does just depend on the torus homeomorphism and not on the chosen lift.
Remark 2.7. Let us make a final comment about the negation of the above concept: we will say that f does not exhibit uniformly bounded v-deviations when for every M ą 0, there exist z P T 2 , n P Z and ρ P ρpf q such that
That means that in such a case we are also considering the possibility that there exists no α P R such that ρpf q Ă ℓ v α . 2.10. Annular and strictly toral dynamics. Here we recall the concepts of annular and strictly toral homeomorphisms that have been introduced by Koropecki and Tal in [KT14c] .
To do this, let f P Homeo 0 pT 2 q denote an arbitrary homeomorphism. We say that f is annular when there exists a liftf : R 2 ý, p{q P Q and v P S 1 with rational slope such that ρpf q Ă ℓ v p{q and f exhibits uniformly bounded vdeviations.
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On the other hand, f is said to be strictly toral when f is not annular and Fixpf k q is not fully essential, for any k P Zzt0u.
In order to state the main properties of strictly toral homeomorphisms, we first need to introduce some notations: for any x P T 2 and any r ą 0 let us consider the set
Then, a point x P T 2 is said to be inessential for f if there is some r ą 0 such that U r px, f q is inessential; otherwise x is said to be essential for f .
As a consequence of Theorem 2.1, we get the following Proof. Let us suppose there is an inessential point x P T 2 , i.e. there exists r ą 0 such that U r px, f q is inessential. Since, U r px, f q is a connected component of an f -invariant set, and f is non-wandering, there is a positive integer n 0 P N such that f
On the other hand, since U r px, f q is inessential, its filling (i.e. the union of U r px, f q with all the inessential connected components of T 2 zU r px, f q), which will be denoted by U F , is a open topological disk; and it can be easily shown that U F is f n0 -invariant itself. By Theorem 2.1, f n0 has a fixed point in U F , contradicting the hypothesis that f is periodic point free.
We shall need the following result about strictly toral dynamics [KT14c, Proposition 1.4]: Proposition 2.9. If f is strictly toral, then the set U r px, f q is fully essential, for any essential point x P T 2 and every r ą 0.
Theρ-centralized skew-product
Given a liftf P Č Homeo 0 pT 2 q of a torus homeomorphism f :" πf and any vector ρ P ρpf q, we will define theρ-centralized skew-product induced byf which shall play a key role in this work.
To do that, we first define the map H :
where Ad denotes the T 2 -action given by (10). Considering H as a cocycle over the torus translation T ρ : T 2 ý, where ρ :" πpρq, one defines theρ-centralized skew-product as the skew-product homeomorphism F : T 2ˆR2 ý given by
One can easily show that
where ∆f P C 0 pT 2 , R 2 q is the displacement function given by (7). We will use the following classical notation for cocycles: given n P Z and t P T 2 , we write
Using such a notation, it holds F n pt, zq :"`T n ρ ptq, H pnq t pzq˘, for all pt, zq P T
2ˆR2
and every n P Z.
This skew-product F will play a fundamental role in our analysis of rotational deviations and the following simple formula for iterates of F represents the main reason:
for every pt, zq P T 2ˆR2 and every n P N. Notice that assuming inclusion (17), from (23) it easily follows that a point z P R 2 exhibits bounded v-deviations (as in (18)) if and only if
where M " M pz, f q is the constant given in (18).
3.1. Fibered stable sets at infinity. Continuing with the notation we have introduced at the beginning of § 3, let x R 2 denote the one-point compactification of R 2 , and p F : T 2ˆx R 2 ý be the unique continuous extension of F , that clearly satisfies p F pt, 8q :" pT ρ ptq, 8q, for every t P T 2 . Hence, for every r P R and each t P T 2 we define the fibered pr, vq-stable set at infinity of F by
where H v r is the semi-plane given by (4), x H v r denotes its closure in x R 2 and I p¨q is the maximal invariant set given by (3).
We also define
where pr 2 : T 2ˆR2 Ñ R 2 denotes the projection on the second coordinate. Finally, we define the pr, vq-stable set at infinity by
For the sake of simplicity, if there is no risk of confusion we shall just write
r`f˘, respectively. By the very definitions, stable sets at infinity are closed and F -invariant, but at first glance they might be empty. In Theorem 3.4 we will prove this is never the case and we shall use them to get some results about rotational v-deviations for the original homeomorphism f .
Our first application of these stable sets at infinity is the following result which concerns the symmetry of boundedness of v-and p´vq-deviations and is just a simple consequence of the F -invariance: 
M " H, @n P Z, and for any ε ą 0.
In particular, if D Ă R 2 denotes a squared fundamental domain for the covering map π :
by (22) and (30) it follows that (31)
A ∆fn pzq´nρ,´v
Since the displacement function ∆fn is Z 2 -periodic and (31) holds for any ε ą 0, we conclude that
In particular, f exhibits uniformly bounded p´vq-deviations.
For the sake of concreteness, we explicitly state the following corollary which is a straightforward consequence of Theorem 3.1:
Corollary 3.2. The following assertions are all equivalent: (i) f exhibits uniformly bounded v-deviations; (ii) f exhibits uniformly bounded p´vq-deviations; (iii) there exists M ą 0 such that
(iv) there exists M ą 0 such that H´v r`M Ă Λ´v r ptq, @r P R, @t P T 2 .
Our next result describes some elementary equivariant properties of pr, vq-stable sets at infinity: Proposition 3.3. For each t P T 2 and any r P R, the following properties hold: The other inclusion is symmetric. Finally, relation (iv) is just a particular case of (iii).
Now we can show the main result of this section:
Theorem 3.4. Assuming there exist α P R and v P S 1 such that condition (17) holds, the fibered pr, vq-stable set at infinity Λ v r ptq is non-empty, for all r P R and every t P T 2 .
Proof of Theorem 3.4. Our strategy to show Λ v r ptq is non-empty is mainly inspired by some ideas due to Birkhoff [Bir34] .
By Corollary 3.2, we know that Λ v r ptq ‰ H whenever f exhibits uniformly bounded p´vq-deviations.
Hence we can suppose this is not the case, so either
For the sake of concreteness, let us suppose (33) holds. Then, consider the set
We will show that y B`exhibits unbounded connected components along the fibers. More precisely, for each t P T 2 we define (34) B`ptq :" pr 2´c c´y B`X ttuˆx R 2 , pt, 8q¯¯ztpt, 8qu Ă R 2 , where pr 2 : T 2ˆR2 Ñ R 2 denotes the projection on the second factor, and we shall show that B`ptq is non-empty, for all t.
Since we are assuming (33) holds, for every a ą 0 we can define the following natural number:
Then, there exists a point t a P T 2 such that F´n paq`t t a`n paqρuˆH v r`a˘X tt a uˆH´v r ‰ H. So, we can find a simple continuous arc γ a : r0, 1s Ñ x R 2 such that
and a lattice point p a P Z 2 such that xp a , vy ě 0,
Let us define the set
Putting together (35) and (36), we conclude that
r , for 0 ď j ď npaq´1. Now, since x R 2 is compact, its space of compact subsets Kp x R 2 q is compact, too. Hence, we can find a strictly increasing sequence of natural numbers pm j q, a point t 8 P T 2 and p Γ P Kp x R 2 q such that t mj Ñ t 8 and
where y Γ mj denotes the closure of Γ mj inside the space x R 2 and the convergence is in the Hausdorff distance.
Then observe that npm j q Ñ`8 as m j Ñ`8. So, p Γ Ă y B`. Then, the set Γ :" p Γztpt 8 , 8qu is closed in R 2 , connected, and by (37), is non-empty and unbounded. In particular, Γ Ă B`pt 8 q and so, B`pt 8 q is non-empty. Now, consider an arbitrary point t P T 2 and let us show that B`ptq is nonempty, too. To do this, let us choose two pointst 8 P π´1pt 8 q andt P π´1ptq so that ttuˆB`ptq Ă T 2ˆR2 .
Notice that F pB`q Ă B`and
So, if we suppose that Λ v r " H, then there should exist p P Z 2 and n 0 ě 0 such that xp, vy ą 0 and
r . But since F commutes with the map idˆT p : T 2ˆR2 ý, it follows that 
On the other hand, there exists a sequence pp n q ně0 in Z 2 such that 0 ď xp n , vy ď 1, @n ě 0, (42) (43) and (44) we get that Ť ně0 T p n pΛ z q disconnects R 2 , and hence, H 
Directional deviations for periodic point free homeomorphisms
In this section we analyze the topological properties of stable sets at infinity for non-wandering periodic point free homeomorphisms.
So, let f P Homeo 0 pT 2 q be a non-wandering homeomorphism with Perpf q " H andf : R 2 ý a lift of f . By Theorem 2.3 we know that ρpf q has empty interior. Thus, without any further assumption, there are some α P R and v P S 1 such that condition (17) holds.
Continuing with the notation we introduced in § 3, first we will prove a density result: We claim that Λ :" πpΛq Ă T 2 is closed, f -invariant, and it holdsΛ " π´1pΛq. In order to prove our claim, first observe thatΛ is Z 2 -invariant. In fact, this easily follows from (iv) of Proposition 3.3, noticing
This immediately implies that Λ is closed, too, andΛ " π´1pΛq. Secondly, we will proveΛ isf -invariant. To do that, observe that for every r P R and every
for every n P Z. This implies that
, and analogously one can show that
Thus,Λ is totallyf -invariant, and we finish the proof of our claim. Now, let us supposeΛ ‰ R 2 . This implies that Λ ‰ T 2 . First, observe that none connected component of Λ can be inessential in T 2 (see §2.4 for definitions). In fact, every connected component of the pre-image by π : R 2 Ñ T 2 of a compact inessential set in T 2 is bounded in R 2 , and by definition, every connected component ofΛ is unbounded.
Henceforth, if A denotes an arbitrary connected component of T 2 zΛ, then A is either a topological disk or annular (see §2.4 for definitions). Since f is nonwandering and A is a connected component of an open f -invariant set, there exists n 0 " n 0 pAq P N such that f n0 pAq " A. So, if A were a topological disk, then f n0ˇA : A ý would be conjugate to a plane orientation-preserving non-wandering homeomorphism, and by Theorem 2.1, we know that Fix`f n0ˇA˘‰ H, contradicting our hypothesis that f is periodic point free.
Thus, A should be annular, i.e. an essential open topological annulus. LetÃ be any connected component of π´1pAq Ă R 2 . Since A is annular,Ã separates the plane in two different connected components, such that both of them are unbounded, and has a well-defined integral homological direction, i.e. there exists a rational slope vector v 1 P S 1 (which is unique up to multiplication by p´1q) and s " spÃq ą 0 such thatÃ
s . Then we have to consider two possible cases: when v and v 1 are co-linear; and when they are linearly independent in R 2 . In the first case, let z P Λ v 0 p0q be an arbitrary point, Λ z be the connected component of Λ v 0 p0q containing z and p P Z 2 such that T p pzq P H v s´1 . By Proposition 3.3 we know that T p pΛ z q is a connected component of Λ v xp,vy p0q ĂΛ, and since we are assuming f does not exhibit uniformly bounded v-deviations, we can apply Proposition 3.5 to conclude that T p pΛ z q is not contained in any v-strip. Hence, T p pΛ z q intersects both semi-spaces H Let us consider the homeomorphismg :" T´1 p 0˝f n0 P Č Homeo 0 pT 2 q, and notice thatg is a lift of f n0 andgpÃq "Ã. Then, n 0 ρpf q´p 0 " ρpgq Ă ℓ v 1 0 , and since v and v 1 are not co-linear, we conclude thatf is pseudo-rotation, i.e. ρpf q " tρu. Then, let G : T 2ˆR2 ý be the pn 0ρ´p 0 q-centralized skew-product induced bỹ g, as defined at the beginning of §3. SincegpÃq "Ã, it easily follows that the open setÂ
is G-invariant. Now, we are supposing v and v 1 are not co-linear, so we can repeat the argument used in the proof Theorem 3.4 inside the setÂ to show that
where M :" n 0 sup zPR 2 ∆f pzq . In particular, we have shown thatΛ XÃ ‰ H, and thus, Λ X A ‰ H, contradicting our hypothesis that A is a connected component of T 2 zΛ.
In Corollary 3.2 we have shown that f exhibits uniformly bounded p˘vq-deviations if and only if the fibered pr, vq-stable sets at infinity contain whole semi-planes.
Here, we will improve this result for periodic point free systems:
Theorem 4.2. Let f P Homeo 0 pT 2 q be a periodic point free and non-wandering homeomorphism,f : R 2 ý a lift of f , and v P S 1 and α P R such that inclusion (17) holds. If the set Λ v r ptq has non-empty interior for some (and hence, any) t P T 2 and r P R, then there exists v 1 P S 1 such that f exhibits uniformly bounded v 1 -deviations.
Proof. If f is an annular homeomorphism, (see §2.10 for the definition), then the conclusion automatically holds. So, we can assume f is non-annular. On the other hand, since f is periodic point free, it clearly holds Fixpf k q " H, for every k P Zzt0u. So, according to the classification given in § 2.10, we can assume f is a strictly toral homeomorphism, Now, since f is non-wandering and periodic point free, by Proposition 2.8 we know that every point of T 2 is essential for f . Let us suppose Λ v r p0q has non-empty interior. Let x be a point in interior of Λ v r p0q, and ε ą 0 such that the ball B ε pxq Ă int`Λ v r p0q˘. Since πpxq is an essential point for f and we are assuming f is strictly toral, by Proposition 2.9 the open set U ε pπpxq, f q given by (20) is fully essential.
So, there are simple closed curves γ 1 , γ 2 : r0, 1s Ñ T 2 whose images are contained in U ε pπpxq, f q and such that they generate the fundamental group of T 2 . Since γ 1 and γ 2 are compact, there exists m P N such that So, we can construct a bi-sequence of simple curves`γ n : r0, 1s Ñ R 2˘n PZ satisfying the following properties:
(1)γ n ptq P Λ r´m|xρ,vy| p0q, for every n P Z and all t P r0, 1s; (2)γ n is a lift either of γ 1 or γ 2 , for each n P Z; (3)γ n p1q "γ n`1 p0q, for every n P Z; (4) there exists a constant M ą 0 such dpγ n ptq, ℓ v r´m|xρ,vy| q ď M, @n P Z, @t P r0, 1s. Then, the set Ť nγ n r0, 1s clearly separates the plane, and its complement has exactly two unbounded connected components. In particular, this implies Λ v r´m|xρ,vy| contains a semi-plane, and by Corollary 3.2, this implies f exhibits uniformly bounded v-deviations.
Torus pseudo-foliations and rotational deviations
In this section we introduce the concepts of pseudo-foliation which is a generalization of singularity-free one-dimensioanl plane foliation.
A plane pseudo-foliation is a partition F of R 2 such that every atom (also called pseudo-leaf ) is closed, connected, has empty interior and separates the plane in exactly two connected components.
Given a map h : R 2 ý, we say that the plane pseudo-foliation F is h-invariant when hpF z q " F hpzq , @z P R 2 .
where F z denotes the atom of F containing z; and F is said to be Z 2 -invariant when it is T p -invariant for any p P Z 2 . A torus pseudo-foliation is a partition F of T 2 such that there exists a Z 2 -invariant plane pseudo-foliationF satisfying
In such a case, the plane pseudo-foliationF is unique and will be called the lift of F . Notice that a homeomorphism f : T 2 ý leaves invariant a torus pseudo-foliatioñ F if and only if its liftF isf -invariant, for any liftf : R 2 ý of f . Some geometric and topological properties of "classical" plane and torus foliations can be extended to pseudo-foliations:
Proposition 5.1. If F is a plane pseudo-foliation, both connected components of R 2 zF z are unbounded, for every z P R 2 .
Proof. This easily follows from Zorn's Lemma. In fact, let us suppose there exists z 0 P R 2 such that a connected component of R 2 zF z0 , called B 0 , is bounded. So, for every w P B 0 , F w Ă B 0 and thus, it is bounded itself. This implies that, for all w P B 0 , there exists a bounded connected component, called B w , of R 2 zF w , and it clearly holds B w Ă B 0 , for any w P B 0 . Now, if we consider the set tB w : w P B 0 u endowed with the partial order given by set inclusion, one can easily check that any totally decreasing chain admits a lower bound, and consequently, there exists a minimal element. In fact, given a strictly decreasing sequence B w1 Ą B w2 Ą . . . we have that BB wn X BB wn`1 " H because different pseudo-leaves are disjoint, and therefore, it holds In order to show that torus pseudo-foliations exhibit some properties similar to classical foliations, we will use a geometric result due to Koropecki and Tal [KT14b] . To do that, first we need to introduce some terminology.
Given a closed discrete set Σ Ă R 2 , a subset U Ă R 2 is said to be Σ-free when T p pU q X U " H, for all p P Σ.
A chain is a decreasing sequence C " pU n q nPN of arcwise connected subsets of R 2 , i.e. U n`1 Ă U n , for all n P N. We say that C is eventually Σ-free if for every p P Σ, there is n P N such that T p pU n q X U n " H. 
In such a case, v is unique up to multiplication by p´1q and we say that v K is an asymptotic direction of F .
Moreover, there is w P R 2 such that F w separates the boundary components of the strip T w pA v r q. Proof. Let z denote an arbitrary point of R 2 and, for each n P N, consider the set
Notice all the sets U n pzq are arcwise connected, U n`1 pzq Ă U n pzq and it holds F z " Ş nPN U n pzq. First, let us suppose that there exists z P R 2 such that the chain`U n pzq˘n PN is not eventually ZFirst suppose property (i) of Theorem 5.2 holds for some z P R 2 , i.e. there are n 0 P N and q P Z 2 such that U n0 pzq is Z 2 zpRqq-free. Since U n pzq Ă U n0 pzq for n ą n 0 , the same holds for every n ą n 0 . Without loss of generality we can assume q generates the cyclic group Z 2 XRq. Then, since the chain pU n pzqq nPN is eventually Z 2 -free, there is n 1 P N such that T q`Un 1 pzq˘X U n 1 pzq " H. By Theorem 2.2, we have T j q`U n 1 pzqq X U n 1 pzq " H, @j P Zzt0u. So, given any integer n ě maxtn 0 , n 1 u, we conclude the chain`U n pzq˘n ě1 is Z 2 -free. On the other hand, by Proposition 5.1 we know the pseudo-leaf F z is unbounded. Then, there is a sequence pz j q jPN Ă F z such that the balls B 1{n pz 1 q, B 1{n pz 2 q, . . . are pairwise disjoints. Then, there is a sequence pp j q jPN Ă Z 2 such that T p j pz j q P r0, 1s
2 , for every j P N. Since`U n pzq˘n ě1 is Z 2 -free and B 1{n pz j q Ă U n pzq for every j P N, we get that the balls`T p j pB 1{n pz j qq˘j ě1 are pairwise disjoint, and this is clearly impossible. So, the chain`U n pzq˘n PN does not verify condition (i) of Theorem 5.2, for every z P R 2 . So, let us suppose the chain`U n pzq˘n ě1 satisfies condition (ii) of Theorem 5.2, for every z P R 2 . Then, for each z P R 2 , let v z P S 1 denote the only point such that B 8 F z " tv z u. Let Ω z be the connected component of R 2 zF z such that B 8 pΩ z q " tv z u. Notice that Ω z is an open disk, and since the boundary of Ω z is contained in the pseudo-leaf F z , we conclude that Ω z is simply connected, for all z P R 2 . Then we define the set
Since every Ω z is open, M is clearly closed and might be empty. Let us define set
wPM Ω wO bserve that if w and z are two elements of M such that F w ‰ F z , then it holds Ω z X Ω w " H. So, since R 2 cannot be partitioned into countably many (and more than two) closed sets, this implies that Ξ is non-empty; and noticing Ω z is simplyconnected for every z P M, we can conclude that Ξ is connected. On the other hand, since M is Z 2 -invariant, so is Ξ. Hence, Ξ is a non-empty open connected Z 2 -invariant set and we shall consider the following relation on it: given w 1 , w 2 P Ξ, we define
Let us show " is an equivalent relation. First notice it is clearly reflexive and symmetric. To prove that is transitive too, it is enough to observe that given two arbitrary points z 1 , z 2 P R 2 such that Ω z1 X Ω z2 ‰ H, then either Ω z1 Ă Ω z2 , or Ω z2 Ă Ω z1 . On the other hand, since Ω z is open for every z P R 2 , we conclude that " is an open equivalent relation (i.e. every equivalent class is open). But we had already shown that Ξ is connected, so this implies that there is just one equivalent class. Thus, taking any point w P Ξ and any p P Z 2 , we get that w " T p pwq " T p K pwq. So, there should exist a point z P R 2 such that Ω z contains the points w, T p pwq and T p K pwq. This clearly contradicts the fact that B 8 Ω z is a singleton. Therefore, it is not possible that condition (ii) holds for every`U n pzq˘n ě1 . So, there exists z 0 P R 2 , v P S 1 and r ą 0 such that F z0 Ă A v r{2 and it separates the connected components of the boundary of the strip A v r{2 . Since, the pseudo-foliation F is Z 2 -invariant, this clearly implies that condition (45) holds, as desired.
Let us relate the existence of pseudo-foliations with the boundedness of rotational deviations:
Theorem 5.4. If f P Homeo 0 pT 2 q leaves invariant a torus pseudo-foliation F and v K P S 1 is an asymptotic direction of (the lift of) F , f exhibits uniformly bounded v-deviations.
In particular the rotation set ρpf q has empty interior.
Theorem 5.5. Let f P Homeo 0 pT 2 q be an area-preserving non-annular periodic point free homeomorphism,f : R 2 ý a lift of f , α P R, v P S 1 and M ą 0 such that @f n pzq´z, v D´n α ď M, @z P R 2 .
Then, there exists an f -invariant torus pseudo-foliation with asymptotic direction equal to v K .
As it was already shown in [JT17, §4] , the hypothesis is non-annularity is essential to guaranty the existence of the invariant pseudo-foliation, but the area-preserving assumption might be relaxed.
Proof of Theorem 5.5. First observe that if f is an area-preserving irrational pseudorotation with uniformly bounded rotational deviations in every direction, then Jäger showed [Jäg09, Theorem C] that f is a topological extension of totally irrational torus rotation. In such a case, the pre-image by the semi-conjugacy on any linear torus foliation will yield an f -invariant pseudo-foliation.
So, we can assume f is not a pseudo-rotation with uniformly bounded rotational deviations in every direction.
If v has rational slope, taking into account f is non-annular we can conclude α is an irrational number and this case is essentially considered in Theorem 3.1 of [JT17] . In fact, under these hypotheses it can be easily proved that the the family of circloids constructed there, which are nothing but the fibers of the factor map over the irrational circle rotation, is an f -invariant pseudo-foliation.
So, from now on let us assume v has irrational slope. Letf : R 2 ý be a lift of f and choose an arbitrary pointρ P ρpf q. Then we consider the inducedρ-centralized skew-product F : T 2ˆR2 ý. For each r P R and t P T 2 , consider the pr, vq-fibered stable set at infinity Λ where Bp¨q denotes the boundary operator in R 2 . Observe that U r " U r Y C r Ă Λ v r p0q, for any r P R. Hence, T p pU r q " U r`xp,vy and consequently, T p pC r q " C r`xp,vy , too, for every p P Z 2 and any r. Then we claim the sets C r are pairwise disjoint. To prove this, reasoning by contradiction, let us suppose this is not the case and so there exist s 0 ă s 1 such that C s0 X C s1 ‰ H. By monotonicity of the family tΛ v r p0q : r P Ru, we get that (49) H ‰ C s0 X C s1 Ă`C s0 X C r˘X`Cs1 X C r˘, @r P ps 0 , s 1 q.
Let r 0 and r 1 be any pair of real numbers such that s 0 ă r 0 ă r 1 ă s 1 and consider the set
Notice that L has bounded gaps in both coordinates, i.e. there exists N P N such that for every m P Z it holds (50) tpr i ppq : p P Lu X tn P Z : |m´n| ď N u ‰ H, for i P t1, 2u.
On the other hand, consider the open set Ω :" U r0 zU r1 , and observe that (51) T p pΩq Ă U s0 zU s1 , @p P L.
